gous to that of Nomizu and Rodriguez for the non-compact case cannot be proven. More explicitly, we exhibit a complete surface M 2 c H* which is not umbilic on which every Morse function of the type L p has index 0 at any of its critical points.
The author would like to express his sincere gratitude to his adviser, Katsumi Nomizu, for his assistance in this work. (M n ) , the normal space to M n at u. We define 7(u, ξ, r), -oo < r < °°, to be the geodesic in H n+P parametrized by arc-length parameter r such that Ύ(u, ζ, 0) = u and Ύ(u, ξ, 0) = ξ .
The functions
Let U be a local co-ordinate neighborhood of M n with co-ordinates u\ , u n . Then, in terms of the co-ordinates x\ , α; n+2) in R n+P+1 , the immersion /(?7) can be represented by the vector-valued function
In terms of this representation, the geodesic y(u, f, r) is given by
We define a map JF from N(M n ) to iP +3) by i* 7^, rξ) = y(u, ξ, r) .
As in the Euclidean case, the concept of focal point is defined in terms of the degeneracy of F* 9 the Jacobian of F. (We remark that if r = 0, we must choose a slightly different co-ordinate system to obtain the same result.) Thus to find a vector Xe T {y , rξ) (N(U)) such that F*(X) vanishes, we must concern ourselves with vectors of the form It is convenient to let Ye T y (U) such that
X=(Y,0)
when we consider T (ytre) 
To facilitate the calculation of F*(X), we assume that the vector field & defined above has been chosen so that Vr 
H{D Y X, p) \ xo = sinh rH(a(X, Y), ξ) -cosh rH(X, Y) (8) = sinh rH(A s X, Y) -cosh rH(X, Y)
= lί((sinh rA, -cosh r/)X, Γ)
where / is the identity endomorphism on T x iM"). In the above statement, the notation "metric sphere" means the following. There exists a totally geodesic (n + l)-dimensional submanifold H n+1 c H n+P , a point q e H n+ \ and c e R, such that
We note that
In the remainder of this section, we assume M n satisfies the hypotheses of Theorem 2. We first consider the set T, To prove Theorem 2 we will proceed in the following way. Let / be the immersion of M n into H n+P . We will show that / is umbilic. Then it is known that a compact umbilical submanifold of H n+P must be a metric sphere S*. The proof of this fact is very similar to Cartan's argument for submanifolds of R m (see [1] , p. 231).
We first prove the following result. PROPOSITION 
Let x e M n and suppose there is a unit length vector ζ e Tt(M n ) such that A ξ has an eigenvalue whose absolute value is greater than 1. Then, A ξ = Xl for λ e R.
PROOF. Let λ be the eigenvalue of A ξ with largest absolute value. We know from the hypothesis that |λ| > 1 .
We may assume λ > 1; for if λ < -1, then we simply prove the proposition is true for A_ ξ which has an eigenvalue -λ > 1. This will, of course, also prove the result for A ξ .
Take r > 0 such that μ < coth r < λ where μ is the second largest positive eigenvalue of A ζ . If no such μ exists, we simply insist that 1 < coth r < λ .
By Proposition 2, we know that for p = F(x, rf), L p has a nondegenerate critical point at x. Also by Proposition 2, the index of L p at x is equal to the multiplicity, say j, of the eigenvalue λ. If L p is a Morse function, then the hypothesis of Theorem 2 imply that j = n, since we know j > 0. If L p is not a Morse function, we know by Proposition 3 that there is a point qeH n+p , such that L q is a Morse function having a critical point of index j. Again we conclude j = n. Thus λ is an eigenvalue of multiplicity n, and so A ξ = λl.
q.e.d.
We remark that unlike the case for submanifolds of R m , we cannot conclude immediately that / is an umbilical immersion because of the needed requirement in Proposition 4 that A ζ must have an eigenvalue whose absolute value is greater than 1. Thus, further reasoning is necessary; the following proposition extends Proposition 4 to a local neighborhood U of x. This proposition is the key to overcoming the above-mentioned difficulties. PROPOSITION , ξ. be orthonormal normal vector fields on V such that ξ^x) = ±σ; the sign is chosen so that A hU) has an eigenvalue β > 1.
Since the eigenvalues of A ξl are continuous, there is a neighborhood U of x, U is contained in V, such that for any u e U, A h(u) has an eigenvalue which is greater than 1. Thus a(X, Y) does not vanish on U.
We fix an arbitrary point ue U. By Proposition 4 we know A h{u) = cl for some c > 1. Hence if the codimension p = 1, the proof is complete.
Assume p > 1. For the fixed ueU, we define a function λ on Tt{M n ) as follows. For any ξ e T^(M n ), λ(f) is the largest eigenvalue of A ξ . We know λ is a continuous function on Ti{M n ). Thus there is a neighborhood
Since N is open, we know that for each j there is a unit length vector ξ e N such that ξ = αfi + δίy for some α, δ > 0 such that α 2 + 6 2 = 1 .
We know and λ is a linear function on Tϊ(M n ). We have shown that for each ueU, there is a linear function λ(f) on Ti{M n ) such that A ξ = λ(f)/ for any ξ e Ti(M n ). This means that / is umbilical on U, and the proof is complete.
The following remark can be proven by methods similar to those employed by Cartan ([1], p.231) ; the proof is essentially the proper use of Codazzi's equation and is omitted here. Now Propositions 5 and 6 imply that / is an umbilical immersion of
